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Abstract. The design of a drying or cooling store aims to provide an even airflow distribution, when aerated, for
preservation purposes. The airflow in some curved bottom bins are studied in this paper. The flow is modelled,
using Darcy's law. A generalized Schwarz-Christoffel transformation is employed to reduce the problem of com-
puting streamlines and isobars of airflow to solving a single nonlinear equation for the flow angle along the wall.
Corresponding to different bin shapes, a few computed streamlines and isobars of airflow are presented, showing
the effect of changing bottom geometries on the air flow. Heat transfer in such bins is also investigated. Based on
an analysis of the far field of airflow, finite-height bins are considered. Analytical solutions of the heat conduction
equation in terms of streamlines and isobars are obtained.
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1. Introduction

Bulk seed and cereal grain in store often require to be aerated for preservation purposes.
Excess moisture in the grain can lead to the growth of mould which reduces grain quality.
Various types of stores and driers are used for storage and drying systems. This paper is
concerned with modelling the flow of air through the grain store, where the grain is treated
as a porous medium. Similar drying systems are common throughout the food and chemical
industries.

In practice, the damp cereal first needs to be dried by heated air to drive away the water
content in the grain. This involves the transfer of moisture from the grain to the humid air,
and hence the density of the air will change during this grain-drying process. The dried grain
is then stored in the aerated bins. However, in this work, we consider the preservation of
grain and study the air flows in the bins. Since the change of the density of the air becomes
very small at this stage, we idealise the problem by ignoring the interaction between moist
grain and humid air and treat the air density as constant, as a first step in the mathematical
modelling.

If the velocity of the air flow is low enough, then Darcy’s law is valid and the air pressure
satisfies Laplace’s equation, which can be solved by a range of analytical techniques. For
examples, Spencer [1] used conformal mapping in estimating the pressure drop in the on-
the-floor drying systems. In the case of a single duct, his method gave reasonable agreement
with experiments. Hunter [2] studied two-dimensional flows in a semi-infinite bin also, using
complex-variable techniques. Goudieal. [3] considered a finite rectangular bin and they
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obtained an analytic solution of flows in the bin, using the same complex-variable methods
as Hunter did. They also studied the nonlinear Ergun equation, using a perturbation method.
A more comprehensive numerical method is developed in the more recent work of Smith [4].
However, the thermal effect of the aerated air plays an important role in keeping the grain dry
and driving away the moist air. But the study of the temperature distribution was ignored in
all above mentioned work.

The problem will idealized two-dimensional bins with sharp corners is that flows pass
through the region near a sharp corner very slowly and often leave part of the grain undried. In
this study, we develop a scheme that we apply smoother wall shapes. Bins with curved walls
are therefore treated, using a generalised Schwarz-Christoffel transformation. This allows a
semi-analytic approach to the problem. An integral equation for the flow angles is obtained,
which requires, in general, a numerical solution. After this integral equation is solved, the
airflow distribution is computed. Some examples are provided to illustrate the numerical work.
Based on fluid-flow results, the temperature field is approximated analytically. The method
presented here provides an interesting alternative to the finite-element method.

Throughout this work the air flow is modelled, using Darcy’s law and the flow is assumed
to be incompressible. This gives a potential flow. In general the nonlinear Ergun equation [5]
is used, but for low air velocity, such as in the rangeé017 ms! — 0-08 ms ! where the
lower limit is obtained from the booklet [6], numerical results show that Darcy’s model is to
be within 1% of the nonlinear solution [4]. The formulation presented in this paper provides
a way of studying the effect of altering the boundary shape on the streamlines and isobars.
This, in turn, will alter the rate at which the grain is dried. An interesting problem is to find
the shape which minimizes the drying time, though this problem is not tackled here.

Since the convective effect is important in this process, the heat-transfer equation is coupled
with the flow velocity. To solve this equation, we transform the independent variables in the
physical plane into the complex potential plane. The heat-transfer equation is reduced to a
simple form which admits the standard techniques to find analytical solutions. An approximate
solution will be presented in terms of the isobars and streamlines of the flow.

The rest of this paper is organized as follows; in Section 2, the mathematical model of the
heated air flow issuing from a source is formulated. A transformation mapping the physical
region onto an upper-half plane is made in Section 3. This mapping allows us to develop a
numerical scheme applied for all kinds of different walls shapes. In Section 4, a few examples
are provided to illustrate the method to get analytical and numerical results. The asymptotic
analysis and a numerical scheme are provided in Section 5. The temperature distributions for
finite-height bins are obtained in Section 6, with concluding remarks given in Section 7.

2. Mathematical formulations

The drying system is idealized as a two-dimensional bin, as shown in Figure 1. A steady,
irrotational and incompressible air flow issuing from a source with stre@gnd constant
temperaturely inside a symmetric bin is considered. A Cartesian coordinate system is in-
troduced with its origin at the bottom of the bin afeaxis vertically upwards, as shown

in Figure 1(a). The bin consists §f= f(x) ony < H andx = L ony > H. A typical
velocity of the flow is given by/ = Q/(2L). The momentum equation is governed by Darcy’s
law

, (2.1)
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Figure 1. (a) Physical plane. (b) Reference plane- & + in. (¢) Complex potential plan.

whereV = (9/0%,3/3%), P is pressurefi = (i, 9) is velocity of air flow, viscosityx and
permeabilityk. The heat-transfer equation is

I—+0— = ﬁvzf, (2.2)
ox ay pC

where C is the heat capacity per unit mass, = niy 4+ (L — n)i(n is the porosity,i ¢
the thermal conductivity of the fluid ant, the thermal conductivity of grains) represents
the thermal conductivity and is density of fluid. For air, we hav€ = 1000Jkg*K1, K
is within the range ®24 — 0-031Js *m™1) for the temperature from 272K to 373K and
p = 1-2kgm 3.

The continuity equation is

V.a=0. (2.3)

A complex variable& = x 4 iy is introduced. The complex potenti#f(z) = ® 4+ iV is also
introduced, wher@ is the velocity potential an@ is the stream function. Nondimensional-
ization is given by means of transformations

w
) w:¢+lw:_v

z=x+iy=§ 0 U =u+iv, (2.4)
kP T—T

p=—, LoT. (2.5)
MU To—T1

Substituting these transformations in Equations (2.1), (2.2) and (2.3) yields

—-Vp=u, (2.6)
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aT aT 1 [(3T? OT?

O o= (), 2.7

u8x+U8y Pe<8x2+8y2> 2.7)

V.u=0, (2.8)
oT

u-n=0  n.VT=--=0  y==1 (2.9)

wheren is the outer normal vector, Pe pC LU/K, in Equation (2.7), is the Peclet number,

and Equation (2.6) indicates = —¢. The boundary conditions in (2.9) state that the wall

is impermeable for the fluid flow and that there is no heat exchange through the wall. Other
temperature boundary conditions, for instafice- 1 ony» = 41, are also considered in this
paper. If the boundary shape is unknown but the velocity distribution can be specified as con-
stants on the boundaries of the curved portions and the contraction ratio is given, the boundary
profile can be found by the use of the Schwarz-Christoffel transformation and the hodograph
method. This idea has been developed and used in the design of wind tunnel contraction for
incompressible invisid flow [7, 8].

3. Transformation of the physical plane

To transform the physical plane onto the upper half plane, we used a generalized Schwarz-
Christoffel formula [9, pp. 163—175]. The transformation is given by

+00
d—f = Mexp{—E/ log(¢ — 1) dé(t)} , (3.1)
dc T J_

]

where M is a constant ané(z) is understood to be the tangential angle made by a smooth
curve in thez-plane at the point which correspondszo= r + i0. This formula has been
used some time ago to study the free-surface flows by Bloor [10] and King and Bloor [11].
Equation (3.1) can be written as

d 1 (! ~ ~ ~ -
—f = Mexp{——/ log(¢ —t)do(r) — 2 log(¢ + 1) (¢ — l)} , (3.2)
dc T )y T

where 2 corresponds to the distan®¥ in the upper half plane, the reference plane. Integ-
rating by parts in Equation (3.2), we have

1 - ] N s
% _ Mexp{—— [(1—05) Iog({2—12)+/ 5O 4 + alog +z)(g—z)“
de "4 2 -t

;-
M(Zz—lz)%exp[—lf ?ﬂdt}, (3.3)

TJa§—t

and introducing; = ¢/! into Equation (3.3) we obtain

de o .1 1 (o
& =he-vten|-2 [ Fha) 34
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whered (1) = 6(It). The physical plane is then mapped into the upper half plane, as shown in
Figure 1.
The constani can be determined if we consider

1 (6@ 1
2_1)"sex {——/ —dt}~— 3.5
« IRl Bk s (3:5)
as|¢| — oo. From the width of the bin, we obtain

2i
M==,
T

so that (3.4) becomes
dz 2 , 1 160

On the upper half = & +in-plane, the complex potential for a point source can be readily
written as

2
w:¢>+i1//:;log§. (3.7)
The velocity can be obtained from
2 1n\: I
d_w = d_wdizi—(g l)zexp E/ _Q(t) drt.
dz dc dz 2 e T ). —t

From Equations (3.6) and (3.8), we can see that éég has been found, the physical field
and velocity field can be determined.

If the bottom shape of the bin is given by the function= f(x), theno (&) satisfies the
equation

§ 1
tane(s)=f’</ Eﬂ@lem{—1 &dt}d%'), 0O<t<1 (39
0 T (1—E&2):> )18t

(3.8)

In general it is difficult to find an analytical solution to Equation (3.9). However, in some
simple cases, solutions are obtained analytically, as shown in the following section.

4. Examples

Examplel. We first consider a bin with a flat bottoig., 6(¢) = 0, and Equation (3.6) then
reduces to
dz 2 o1
~ 1= 2 4.1
= (4.)

which can be easily solved to obtain

2
7z = — arcsing. (4.2)
T
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After substituting (4.2) in (3.7), we have

w=¢+iy = %Iog sin%. (4.3)

Therefore, we obtain

dw cos%H
dz  sinZt’

(4.4)

This case has been discussed by Hunter [2] and Gaidik[3].
Example2. For bins with cone bottom, for instange= f(x) = |x|, we obtain

d 2i 1.1 1
d_Z = _l(g — 17320 4+ 1A, (4.5)
e T

Integrating this equation, we have

og| L€ D"
z=— T
T 1-ite -

Usingw = 2/m log ¢, we obtain

i 1

} —iTitanliz(¢ 2 - 174 (4.6)

FNTSY ST

S G @.7)

dz

When the shape of the bin is a polygon, the transformation reduces to a Schwarz-Christoffel
formula and we can obtain the solution by letting the flow angles be consténis= c; (i =
1,...,m), wherem is the index of the sides of the polygon.

However, when the boundary is a continuous curve, a numerical scheme will have to be de-
veloped to solve (3.9). The flow pattern, velocity and therefore from Darcy’s law, the pressure
field will be obtained. The numerical scheme will be developed in next section. Since

dz dw
= _Z 4.8
dr dz’ (4.8)
the fluid traverse time in the bin, is defined as
*dx ’d
r:/—:/ = (4.9)
0 Vx 0 Vy

It is thought that for low velocities, the traverse time gives a good estimate for the drying rate
of grain (Hukill and Shedd [12] and Smitt al.[13]). Also, Equation (4.8) can be written as

dr dz
— 4.10
dz dw’ ( )

which reduces to

2 dzg ¢ rdz\? de
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Thus, for given = ¢o, seeking the best shape of the bin for minimum fluid traverse time
turns to be looking for

o o 4 1)
IO_M'n“{_/o n({z—l)eXp{__/_lg— }dg}'

We do not pursue this interesting problem any further here.

5. Asymptotic analysis and numerical scheme

We might expect changes in the bin bottom to only affect the flow field for small heights and
to have little effect on the far field of flows. The asymptotic behaviour of the air flow far away
from the bottom of the bin is investigated and the computational scheme for solving Equation
(3.9) is explained. Equation (3.6) is rewritten as

dz _1
A= (l {DTEIN(Q), (5.1)
where
ot
N() = exp{——/ 5@ ) } . (5.2)
18—t
Integrating Equation (5.1) by parts we have
2 ¢
Z-20=— [N(;) arcsing — N (&) arcsingg — N'(¢) arcsing dg] . (5.3)
o
Since ag¢| — oo, N(¢) — 1, hence
0
N'(@) = N(;)—/ (g’ g =o0c
and
arcsing = —ilog(ic = (1 — ¢)2) = 0(log¢).
Equation (5.3) yields
2
71—z~ — arcsing — arcsingg + F (o) + O0(¢ 2log¢), (5.4)

where
F(¢) =/N/(§)arcsin§ dc.

The first term on the right-hand side of Equation (5.4) is the exact solution of the air flow in a
rectangular bin. This dominates the behaviour of the upstream air flow forgeagd shows
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that varying the bottom shape of bin does not have a significant effect on the upstream air flow
at large values of heights.

In order to solve Equation (3.9) numerically and to compute the streamlines and isobars
from Equation (5.3), we introduce a complex variable as follows

2
u=ui+iup = — arcsing. (5.5)
T

From Equation (3.7), the isobars and streamlines are then given by

sir? Zuy + sink? zuch (5.6)
2 2
and
tan%ul =C5 tanh%uz, (5.7)

respectively. Substituting (5.5) in (5.3) yields

. T T T
z—2720= N(Slniu)u —N(Sln—uo) Ug — —

RN 4 T
> 2/u N (smzt)tcositdt. (5.8)

0

We takey = x? as an example to illustrate this scheme. The boundary Equation (3.9) in
this case reduces to

3 1
7 Jo (1—£2)3 m)1&—1t

Equation (5.9) is discretised, by means of the trapezoidal rule to obtain

k

4h cosh (&;) .
tanf(¢)=— ) ——=N+00h), j=L....M (5.10)
: T ; (1 - S,’Z)i
where
N; = exp N i 25,0 (0x) +/5f+l 200 511
| T k=1,k#i Ef - Ekz &1 Eiz - t2 ) .

The functiord (¢) is expanded aroung] and the integral in the above equation can be evaluated
as

S20(1) 26 +h
/s ot T e

& 2 +h
—(6(&; — 0 _ 1-=>lo
(0(&i+2) — 0 1))[ Y gz&_h
The equations in (5.10) form a system Mf nonlinear equations af/ variables, which is
solved numerically by means of subroutine CO5NBF in NAG library. The programme is run

} + 0(h3). (5.12)
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Figure 2. The computed streamlines and isobars in a bin with bottom shap&asz.

in a Silicon-Graphics computer and we tested and found that the computation times are below
two minutes fory = x2, x* andx® with M = 80. As the system of equations in (5.10)

is solved, the real and imaginary parts of (5.8), together with (5.6) and (5.7), then give the
shapes of isobars and streamlines, respectively. A test for a direct check of the numerical
results of the value of flow angt&;) was carried out, for the bottom shape functios: x2.

For increasing finenes® = 40,80,120 and 140, the solution of (5.10) shows satisfactory
convergence in view of the err@ (h?). The computed examples of streamlines and isobars
are shown in Figures 2, 3 and 4 for = x2, x* and x8, respectively. It is found that the
closer the streamline are to the wall, the more grid points are required. In our computation, for
instance, the streamlines starting with = —0-2 and 02 the closest to bottom, for the solid

wall y = x#, 140 mesh points are chosen. The other streamlines are chosef fioml) =

C(@i) £ (02 + 01567915 ; = 1,...,5 with C(1) + C;. The isobars are computed from
C(j+1 =C@G +0125,j=1,...,5with C(1) = C, = 0-22 the one nearest to the
source. The comparison of airflow streamlines in these three different bottom bins shows the
influences of the shape of the wall on the steamlines. In the case-of?, there is still some
region of cereals around points(dtl, 1) where airflow goes through slowly and, as the shape

of the wall changes fromy = x?to y = x* andy = x8, the area of such a region diminishes.
The singularities at = £1, however, also affect the accuracy of the computed results as the
isobars approach to the point&1, 1). In the case off = x® we also computed two more
isobars above = 1 showing the asymptotic behaviors.

6. Temperature distribution in a drying system

A temperature change occurs quite regularly in such a drying storage system. Since the con-
vective effect is considered to be important during the process, the heat conduction equation is
coupled with velocity in both the horizontal and the vertical directions. Even if the fluid field is

in a steady state, finding an analytical solution for such an equation is not a trivial task. How-
ever, we may simplify this problem using the classic complex transformation, mapping the
physical region into a complex potential plane. The heat-conduction equation is then reduced
to an equation of the temperature distribution in terms of stream function and pressure.
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Figure 3. The computed streamlines and isobars in a bin with bottom shape-as®.
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Figure 4. The computed streamlines and isobars in a bin with bottom shap&ass.

6.1. HEAT CONDUCTION EQUATION ON THE COMPLEX POTENTIAL PLANE

The physical region can be transformed to a reference plane, say, the complex potential plane
which has been studied in previous sections.

Two components of flow velocity in terms of¢ andyr are as follows,

u=¢,= Wy’ v = ¢y = =Y, (6.1)
whereg? = |u|? = u? + v

After changing variables andy to ¢ andyr, we have

dT 3T 3¢ T Y oT 3T 3¢ T Y

R S Wi —_ = = 6.2,6.3
ox 0¢ dx + oy ox ay o¢ dy + oy ox ( )
Substituting these transformations in the left-hand side of (2.7), we have
oT aT ] ad aT ad T
U—+v-— = u—¢+v—¢ — t u—¢+v% 8_
ox ay ax ady ) 0¢ ox ay ) Y
aT aT oT
= (u2 + vz)— + (—uv +vu)— = qz— (6-4)

3¢ Y dgp
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Similarly, the right-hand side of (2.7) becomes

3°T  9°T 3°T  3°T\

= 6.5
a2 9y (a¢2 * avﬂ)q (©5)
Then substituting Equations (6.4) and (6.5) in (2.7), we arrive at
aT 1 [(d°T  9°T
_:—<—2+—2 ) (6.6)
ap  Pe\dg? oy

Equation (6.6) is considerably simpler to solve, and standard techniques may be employed.
Moreover, for the insulated boundary condition along impermeable waks+1, after using
Equations (6.2) and (6.3) we can show that

oT oT
—=0& —=0.

an EY

This insulated boundary condition, together with another constant boundary condition, is
investigated in the following section.

6.2. ASOLUTION OF THE HEAFCONDITION EQUATION

We seek a solution of the reduced steady heat conduction Equation (6.6) with boundary con-
ditions on the complex potential plane, which is a strip with two parallel lines +1 as its
boundaries, wher¢y = —1 corresponds ta10, v = 1 to OD (Figure 1(c)). However,
we are more interested in the bins with finite height, which correspond to the semi-strip
with —co < ¢ < ¢ in the complex potential plane. From the analysis and numerical
results in Section 5, we show that if constaitis chosen relatively, large, we will have
¢ ~ y+coandy ~ x. For instance, for the bin in Example 1 in Section 4, we have
lp — (y +log2)| < e ™ + 1/sink(ry/2), which is less than-B4 x 107 when we choose
y = 5. This shows that taking = ¢g as the top of the bins changes very little the physical
scenario.

We now use a separated-variable method to solve Equation (6.6). Substitution of

T(p, V) =Ti(d)T2(V¥)
yields
T)(¢) — PeT{(¢) — KT (¢) =0, T, (y) + KTo(y) = 0. (6.7,6.8)

To satisfy the boundary conditions (6.11), we I8tyr) = cospmyr, which is substituted in
(6.8) to obtaink = (px)2. Replacingk = (px)?in (6.7) and then tryindi(¢) = €¢ yields
an algebraic equation

22— Per — (pm)? =0, (6.9)

wherei, corresponds to positive siga-' and A, to negative sign—'. The two roots of this
equation are

Pet (P& + 4(pr)?)?
2

r2(p) = (6.10)
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Casel. The boundary conditions are considered as follows

oT
— =0, on y¥=x=1, 6.11
5 v (611)
T—-1 as ¢ > —o0, T=f(p) on ¢ =d¢o. (6.12)
A solution is constructed as
+o00
T($,¥) =1+ ) a,& " cosnmy. (6.13)
n=0

Using the conditiorl” = f(y) on¢ = ¢o, we find

1
a, = e‘“(")"’O/ f () cosnmy dyr.
-1

Because of symmetry; () is an even function. We then have

1
a, = ZeM(”WO/ f () cosnmy dyr. (6.14)
0
In a special case df = 0 on¢g = ¢q together with insulated boundary conditions &he> 1
as¢ — —oo, we find a solution as
T = 1 _ Pe¢—do) (6.15)

Case2. With boundary condition¥ (¢, ) = xlony =1, T = f(y) at¢ = ¢g and
T — 1las¢p — —oo, similarly, we can construct a solution as

+00
T(¢.¥) =1+ a & ®coskmy,  with k=n+} (6.16)
n=0

wherea; can be determined as

1
a; = 2e 1090 / () coskryr dip. (6.17)
0

The solution (6.16) corresponding to different Peclet numbers is plotted in Figure 6. We
choosef (y) = 0-5sinmy/2| in Equation (6.13) in case 1. We obtain the coefficiants
as follows,

1 1 2e 1Mo ]
a=—(1-=) e %, ay = ————5—7, with n=1,2,....
b T dn?-1

Then the solution is written as

1 0 2t 1(m)(¢—¢o)
T, ¢y)=1- (l - _> P00 _ Z cosnmy , (6.18)
T

2 _
= T 4n 1

which is truncated at = 3 and plotted in Figure 5. Similarly, in case 2, we chogsé¢) =
|¥| andy2. We obtain
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X 2g-1(n+1/2)(9—¢o)

T y)=1-)

n=0

and
" 4eh1(1+1/2)(@—¢o)

T, y)=1+) (-1"
n=0

respectively. The function in (6.19) is truncatediat 4 and plotted with Pe-= 0-5 and 15,
shown in Figure 7.

Conclusions

This work presents a treatment of solving airflow fields within bins for different geometries
and temperature distributions of fluid in these bins. Using a generalized Schwarz-Christoffel
formula, we transformed the physical region to a reference plane and then reduced the problem
to a single nonlinear equation. After solving this equation numerically, we showed the effect
of changing the bottom shapes of bins on streamlines and isobars of airflow. The computation
is comparatively simple. The heat-conduction equation is changed into an equation in terms
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of stream function and complex potential. Analytical solutions have been found for the steady
state temperature in the bins with different boundary conditions. Future work will incorporate

the effect of the interaction between the moisture of the grain and the humidity of the air. It

will be also interesting to expand this work to high-speed nonlinear flows.
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